Abstract: Hollow-core photonic crystal fibres have excited interest as potential ultra-low loss telecommunications fibres because light propagates mainly in air instead of solid glass. We propose that the ultimate limit to the attenuation of such fibres is determined by surface roughness due to frozenin capillary waves. This is confirmed by measurements of the surface roughness in a HC-PCF, the angular distribution of the power scattered out of the core, and the wavelength dependence of the minimum loss of fibres drawn to different scales. 
Introduction
Hollow-core photonic crystal fibres (HC-PCFs) are optical fibres with claddings made of glass (usually fused silica) incorporating arrays of air holes, Fig. 1 . The core is formed by omitting several unit cells of material from the cladding. The "holey" cladding has a twodimensional photonic bandgap that can confine light to the core for wavelengths around a minimum-loss wavelength λ c , even when the core is hollow and filled with air [1] [2] [3] [4] [5] . In contrast, a conventional fibre guides light by total internal reflection so its core must have a higher refractive index than the cladding.
The minimum optical attenuation of ~0.15 dB/km in conventional fibres [6] is determined by fundamental scattering and absorption processes in the high-purity glass [7, 8] , leaving little prospect of much improvement. However, over 99% of the light in HC-PCFs can propagate in air [5] and avoid these loss mechanisms, making HC-PCFs promising candidates as future ultra-low loss telecommunication fibres. Nevertheless the lowest loss reported in HC-PCFs is 1.7 dB/km [5] , though we have since reduced this to 1.2 dB/km. An understanding of the fundamental limitations to this loss is therefore of great importance.
Direct leakage of light from the core is easily suppressed by incorporating enough holes in the cladding [4] . Fibre nonuniformity then becomes the key loss mechanism, coupling or scattering light from the guided "fundamental" mode [3, 4] . Fluctuations of technological origin can be reduced by more careful fibre fabrication. However, surface roughness from surface capillary waves (SCWs) frozen into the fibre as it is made [9] [10] [11] [12] [13] is inevitable because of its thermodynamic origin. We propose that it ultimately limits the attenuation of HC-PCFs, and derive three experimentally-testable consequences. In all three cases the predictions are confirmed, demonstrating that the attenuation of our fibres is already dominated by this mechanism. We discuss the implications for the minimum attenuation possible in HC-PCF.
Modelling

Surface roughness due to SCWs
SCWs exist on liquid surfaces (like molten glass) where surface tension provides a restoring force. Short-wavelength ripples in water are a familiar example. It follows from equipartition of energy that each SCW mode at thermal equilibrium has average energy ½k B T, where k B is Boltzmann's constant and T the temperature [9, 10] . As a glass solidifies the SCWs freeze [11] , leaving a surface roughness given by the SCW amplitudes when T is the glass transition temperature T g [12, 13] .
The 1-D statistical spectral density S z (κ)dκ is the mean square amplitude of roughness components with spatial frequencies along the fibre between κ and κ+dκ. It is evaluated by integrating the corresponding 2-D expression [12] over the transverse co-ordinate. (A more thorough treatment including the azimuthal roughness distribution is much more complicated, and yields results little different from the ones derived below.) For an unbounded flat surface
where γ is the surface tension. (Note that S z (κ) in Eq. (1) is scale-free; it describes a fractal surface with no correlation length.) Closure of the surface to form a cylindrical hole of perimeter W quantises the SCW modes transversely, and the same procedure leads to ()coth 42
which reduces to Eq. (1) for small length scales (large κ). S z (κ) in Eqs. (1) and (2) diverges for small κ. In other situations this is prevented by longscale cutoffs arising from gravity [12] or a substrate [10] . For thin free structures like HCPCFs the physical origins of any analogous cutoff are unclear, but it is reasonable to assume it is large compared to W and scales with the fibre's dimensions. Importantly, inclusion of such a cutoff does not affect the dimensional argument leading to Eq. (7).
Eq. (2) describes the statistics of the surface roughness. On integration the rms roughness over a decade of length scales small compared to W is just ~0.1 nm in fused silica (T g ~ 1500 K, γ = 0.3 Jm −2 [14, 15] ), but this is enough to dominate the loss of our fibres.
Dependence on effective index
The surface roughness scatters light from the fundamental mode to other modes that are not guided. This can be described by coupled mode theory [16] in terms of the modal effective index n = β/k, where β is the propagation constant and k = 2π/λ. Light is coupled between modes with effective indices n 0 (the fundamental mode) and n by the roughness component with spatial frequency
at a rate determined by S z (κ) and an overlap integral of both modes on the glass-air surfaces in the fibre's cross-section. The overall loss is the statistical sum of the power coupled to the modes. A full calculation is prohibitively complicated, requiring field distributions and β for many cladding and radiation modes as well as other core-guided and surface modes [4] . However, for values of n away from n 0 and hence the bandgap, the effects of the photonic band structure wash out. To a good approximation the overlap integrals average out over groups of modes with similar n, and become proportional to a constant F quantifying the overlap of just the fundamental mode with the surfaces:
where E and H are the e lectric and magnetic field distributions respectively of the fundamental mode and ẑ is the unit vector along the fibre. Furthermore in this case S z (κ) has the simplified form of Eq. (1), so the scattering loss response is
where α n (n)dn is the fraction of power scattered per unit length into modes with effective indices between n and n+dn. This equation describes the scattered intensity as a function of effective index and hence of the direction of scattering. Although we could not calculate absolute attenuation for a realistic fibre, we did perform the simpler calculation for scattering from the (leaky) hollow-core mode of a thin cylindrical shell in air. The result matched experiment to within a factor of 2. Roughness due to SCWs therefore appears to be responsible for most of the loss in our HC-PCFs, so the major technological sources of loss must be close to being eliminated.
Dependence on wavelength
If the transverse scale of a HC-PCF changes without otherwise changing the fibre's structure, the wavelength λ c of minimum attenuation must scale in proportion [2, 17] . Without recourse to the approximations of the previous section, the mean square amplitude of the roughness component that couples light into modes with effective indices between n and n+δn is 
from the definition of S z (κ) and Eqs. (2) and (3). This has units of length squared, and is independent of λ c because we scale W so that kW is constant. The attenuation to these modes is proportional to u 2 [16, 18] but the only other independent length scale it can vary with is λ c . As attenuation has units of inverse length, it must therefore by dimensional analysis be inversely proportional to the cube of λ c . If this is true for every set of destination modes, it must be true for the net attenuation α to all destination modes, so
AFM measurement of surface roughness
We directly measured surface roughness inside a HC-PCF using an atomic force microscope (AFM) [13] . The fibre was crushed and the wall of a 3 µm diameter hole identified among the fragments that resulted. 64 scans of the AFM probe over 10 µm lengths along the original direction of the fibre were made at well-separated locations within the hole. The spectral density S z (κ) was calculated from the measured height profiles after compensating for the nonlinear response of the AFM. Some large spikes in the data were due to electrical noise at known identifiable temporal frequencies and were not representative of the roughness spectrum. The accuracy of the first few low spatial frequency points was compromised by the limited scan length, and the high-frequency cutoff of the AFM was about 20 µm -1 .
The spectral density S z (κ) is plotted in Fig. 2 , with the predictions of Eq. (2) for different surface tensions γ. The measurement fits the equation over two orders of magnitude in length scale for γ around 1.0 Jm −2 , somewhat larger than the commonly quoted value of 0.3 Jm −2 for fused silica [15] . The discrepancy is not due to other roughening mechanisms because the roughness is actually smaller than predicted, and SCWs certainly do contribute to roughness [12, 13] . Instead it indicates that γ inside the fibre is indeed larger. This does not contradict previous measurements of γ because they were not made for fused silica under modern fibre fabrication conditions. The theoretical γ for silica determined from bond energies is 5.2 Jm −2 , measured values being lower because real surfaces become covered with silanol (SiOH) groups after formation [15] . Fibre fabricators take great care to eliminate OH (a source of absorption loss) from their processes, coincidentally reducing the silanol concentration and so raising γ. Other calculations [19] predict lower theoretical values for γ without silanol, but the upper bound obtained by extrapolation to T g still exceeds 1.4 Jm −2 and so accommodates our measurement. Furthermore we independently measured γ while drawing silica capillaries, by finding the pressure in the hole that balances collapse due to surface tension [20] , and also found a raised value (0.7 Jm −2 in that case).
We have therefore not only measured a roughness spectrum consistent with SCWs as the cause, but also found that surface tension can be considerably greater than usually assumed. This is significant because γ determines the stability of fibre drawing, especially in structures with holes [20, 21] . The beneficial effects of raising γ make the removal of OH from HC-PCFs more important for reducing loss than hitherto realised. 
Angular-resolved scattering measurements
We performed angular-resolved scattering measurements [22,23] on the fibre of Fig. 1(a) , with a 20 µm diameter core formed by omitting 19 unit cells from a cladding of 3.9 µm pitch. One of our lowest-loss fibres, its attenuation was 1.7 dB/km at 1565 nm wavelength [5] . Laser light of 1550 nm wavelength was coupled into the fibre, taking care to minimise excitation of modes other than the fundamental. Over 100 m of input fibre ensured that transient leaky modes decayed away before reaching 5.5 mm of fibre that was stripped of its coating. This was mounted centrally across the diameter of a 32-mm diameter cylindrical vessel filled with index-matching fluid of index n f = 1.449. Stray light from the rest of the fibre (ie other than the 5.5 mm stripped section) was shielded by black tubing.
Light emerging from the vessel was focused onto a photodetector array. By repeated rotation of the sample, we could measure the light leaking from the fibre as a function of direction over all angles θ to the fibre axis. This was converted to P(n), where P(n)dn is the power lost to modes with effective index between n and n+dn, using the relationship n = n f cosθ and accounting for the appropriate geometrical factors. The net attenuation due to scattering should be simply the integral of P(n)dn.
A typical measurement of P(n) is plotted in Fig 3; similar measurements on other sections of fibre several metres away yielded almost identical curves. Integration over all n yields a net leakage rate of 2 dB/km, matching within experimental error the 1.7 dB/km measured by the cut-back technique. Hence the fibre's loss is primarily due to scattering not absorption, and is uniform along its length down to the mm scale.
A bandgap, where guided modes but not cladding modes exist, is evident around n = 1. The measured power falls to the experimental noise floor, confirming negligible direct tunnelling from the fundamental mode. Instead, light must be scattered into other modes by inhomogeneities before leaking out. Hence Fig. 3 represents the variation with n of scattering strength from the fundamental mode; ie P(n) ∝ α n (n). P(n) finally cuts off around n = 1.07, agreeing with computations of the cladding's maximum effective index. The graph shows considerable structure around the bandgap but for smaller n it follows a steady tail as n decreases until the bandgap for backward waves around n = −1. A fit to Eq. (5) is also shown and where it is valid (ie away from the bandgaps) closely models the data, confirming that the experiment is consistent with SCWs being the cause of surface roughness. 
Attenuation spectra
We measured attenuation spectra by the cut-back technique [24] . A cut-back length of at least 50 m allowed transient leaky modes to decay away, so that only the fundamental mode is measured. For a set of similar HC-PCFs we determined the minimum attenuation as a function of the wavelength λ c of the minimum. The fibres had 7-cell cores but were drawn to different scales, giving them different λ c but otherwise comparable properties [2, 17] . The minimum attenuation is plotted in Fig. 4 against λ c on a log-log scale. A straight-line fit is shown and has a slope of −3.07, supporting the predicted inverse cubic dependence in Eq. (7).
Reducing the attenuation of HC-PCFs
Our results imply that surface roughness due to frozen-in SCWs is already limiting HC-PCF attenuation. If so, given its thermodynamic origin, it cannot be reduced much further simply by improving the fibre drawing process. For example, changing draw speed and tension made no appreciable difference to the roughness characteristics. We expect remaining technological improvements in homogeneity to reduce the attenuation of fibres like that in Fig. 1 by no more than a factor of two. Instead, having gained an understanding of its properties, we outline approaches to mitigate the effects of SCW-induced roughness.
Fibre design
F in E qs. (4) and (5) can be minimised by designing the fibre to reduce the overlap of the fundamental mode with the glass-air surfaces. For example our modelling work indicates that minimum F varies roughly as the inverse cube of the core diameter, if the cladding and the core boundary are otherwise unchanged. This matches the scaling of F for a simple step-index fibre, derived from textbook results in the multimode limit [16] . Hence the reduction in reported attenuation from 13 dB/km [3] to 1.7 dB/km [5] (and now 1.2 dB/km) was partly from enlarging the core from 7 to 19 unit cells, reducing F by a factor of (19/7) 3/2 ≈ 4.5. (F could be further reduced by enlarging the core to 37 cells for example. However, this would be accompanied by propagation of more higher-order core modes, increased bending loss and closer spectral packing of surface modes [4] . Since these are already apparent in our 19-cell HC-PCF [5] , we expect 37-cell HC-PCFs to be of very limited practical value.)
The core boundary was also thickened relative to boundaries in the cladding (as evident in Fig. 1(a) ) to give it anti-resonant properties [25] that expel light and further reduce F. We have extensively modelled different HC-PCF designs, and found that straightening the boundaries (Fig. 1(c) comp ared to 1(b) ) and increasing the air filling fraction can further reduce F by factors of ~2 and ~1.5 respectively. Hence realistic and incremental changes to fibre design (and the factor of ~2 improvement we expect by eliminating remaining technological sources of loss) could plausibly reduce attenuation to ~0.2 dB/km.
Choice of operating wavelength
Longer operating wavelengths reduce scattering loss, but infrared absorption losses will rise because some light does propagate in the glass. The wavelength dependence of the minimum overall attenuation can be estimated [5] if the fraction f a of light propagating in air is known. The attenuation due to absorption and Rayleigh scattering in bulk glass (estimated using a published approximate fit [8] ) is multiplied by the fraction (1 − f a ) of the light that is in the glass, calculated for the representative model structures of Fig. 1(b) and (c) . The attenuation due to surface scattering is extrapolated from the measured minimum attenuation using Eq.
(7). Their sum is an estimate of the minimum attenuation, absorption due to the air in the hole being negligible in comparison.
The minimum attenuation is plotted against wavelength in Fig. 5 . When extrapolated from our existing fibre (1.2 dB/km at 1620 nm, f a = 99.5%) it falls to 0.75 dB/km at 1960 nm, which is the loss the fibre would have if it had been made 21% bigger in diameter. The minimum attenuation based on the plausible fibre discussed above (0.2 dB/km at 1620 nm, f a = 99.8%) is 0.13 dB/km at 1900 nm, less than the best conventional fibres.
Reducing the SCW amplitudes
More speculatively, the SCW amplitudes of Eq. (2) may themselves be controlled. The T g of silica cannot be reduced significantly, though other glasses have lower T g . However, it may be possible to increase the surface tension γ. Dry processing conditions seem to raise γ by 3× above the textbook value but the theoretical value is 5× higher still [15] , which would reduce the minimum attenuation to ~0.03 dB/km. Although we do not suggest that such a high value of γ could be attained in practice, it does imply some scope (and indeed motivation) to find material processes [26, 27] that further increase γ. Conversely, low γ is desirable for reducing hole collapse when drawing fibre [20] but impacts adversely on surface roughness. Fibres made from solid materials with high index contrast but low interfacial tension could suffer greatly from enhanced surface inhomogeneities [28, 29] .
Finally, E q. (5) and Fig. 3 show that long-scale (small κ) roughness contributes most to surface scattering, including coupling to other guided modes and surface modes [4] . These roughness components are exaggerated by the coth factor in E q. (2) . Hence loss could be reduced by increasing the perimeter W of the core or adjacent holes. We found exotic designs with corrugated boundaries and inward protrusions that give significant calculated improvements, but they would be very difficult to realise experimentally.
Conclusions
The minimum loss in hollow-core photonic crystal fibres is limited by scattering due to surface roughness from frozen-in surface capillary waves. The attenuation of our best HCPCFs, as low as 1.2 dB/km, appears to be already dominated by this mechanism. It can be mitigated through fibre design, and an attenuation of the order of 0.1 dB/km (less than the best conventional fibres) is plausible. Design improvements that we have not explored (such as the elimination of surface modes [4] ), material processes to increase surface tension or alternative glasses transparent at longer wavelengths may further reduce the attenuation of HC-PCFs.
